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It is well known that the microstructures of the transition-metal oxides1–3, 
including the high-transition-temperature (high-Tc) copper oxide 
superconductors4–7, are complex. This is particularly so when there are 
oxygen interstitials or vacancies8, which influence the bulk properties. For 
example, the oxygen interstitials in the spacer layers separating the 
superconducting CuO2 planes undergo ordering phenomena in Sr2O1+yCuO2 
(ref. 9), YBa2Cu3O6+y (ref. 10) and La2CuO4+y (refs 11–15) that induce 
enhancements in the transition temperatures with no changes in hole 
concentrations. It is also known that complex systems often have a scale-
invariant structural organization16, but hitherto none had been found in high-
Tc materials. Here we report that the ordering of oxygen interstitials in the 
La2O2+y spacer layers of La2CuO4+y high-Tc superconductors is characterized 
by a fractal distribution up to a maximum limiting size of 400 mm. Intriguingly, 
these fractal distributions of dopants seem to enhance superconductivity at 
high temperature.  
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To make progress in the engineering and science of multiscale phase separation, 
visualization is essential. Momentum-space probes such as X-ray diffraction (XRD), 
angle-resolved photoelectron spectroscopy and inelastic neutron scattering are 
excellent for characterizing order and coherent excitations but are highly ambiguous 
when different phases coexist. Therefore, to image micrometre-scale lattice 
fluctuations in high-temperature superconductors due to the ordering of oxygen 
interstitials (i-O), we have used scanning synchrotron radiation X-ray 
microdiffraction (µXRD)17–19 , which combines high wavenumber resolution with 
micrometre-scale spatial resolution, made possible by twin revolutions in X-ray 
optics and electron-accelerator-based X-ray sources. The technique examines the 
same bulk, showing interesting material functionalities such as superconductivity, 
but also gives a wavelet20 mixed real- and reciprocal-space representation of the 
sample, where the nanostructure associated with short- and medium-range oxygen 
order is captured by means of diffraction and the microstructure is recorded in real 
space.  
Optimally doped La2CuO4+y is ideal for the investigation of intrinsic multiscale 
heterogeneity in copper oxides because the i-O are mobile8 in the La2O2+y layers 
intercalated between the super- conducting CuO2 planes, forming a superlattice 
with the largest misfit strain in the copper oxides21,22 . Therefore, the order 
parameters associated with mobile i-O in the spacer layers maintaining charge 
neutrality are expected to track the microscale phase separation in the CuO2 planes. 
In the optimum doping range, 0.1 < y < 0.12, a single Tc = 40 K superconducting 
phase appears but many experiments11–15,23,24 indicate a complex magnetic, 
electronic and structural phase separation. Annealing the sample at 370 K, where i-
O does not escape from the sample, followed by quenching below 200 K, yields a 
mixed state, displaying two critical temperatures 11,12 , 32< Tc1< 36 K and Tc2 =16 K; 
we therefore call this state the Tc =16+32 K phase. The mixed state has been 
thought to originate from the coexistence of regions with the same average doping 
level but with two different orderings of the dopants, with some unknown i-O self-
organization; also, no information is available on the relation between this unknown 
superstructure and the high-temperature superconducting phase. 
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Our single-crystal samples of La2CuO4+y are cleaved with their surfaces parallel to 
the CuO2 planes and then mounted on the x–y translator of the µXRD instrument 
(Fig. 1a). The main XRD reflections of the single crystal (orthorhombic Fmmm 
space group) show no splitting or spatial spot-to-spot change. The reciprocal-space 
image recorded by the CCD on the right in Fig. 1a reveals the known satellite peaks, 
associated with the three-dimensional Q2 superstructure of the ordered i-O 
dopants14,15, displaced from the main crystal reflections by the wavevector q2 with 
components Δl = (0.497 ± 0.005)c*, Δk = (0.247 ± 0.003)b* and Δh = (0.087 ± 
0.004)a*, where a*, b* and c* are the reciprocal-lattice units; there is also a strong 
second harmonic displaced by 2q2 .  
Mapping the x–y position dependence of the integrated satellite peak intensity (Fig. 
1b) provides our key experimental discovery, namely that on the micrometre scale 
probed, the i-O order with nanometre-scale wavelength in real space (Fig. 1c), 
which is responsible for the satellite peaks, is highly inhomogeneous, even for an 
optimal (Tc = 40 K) superconducting sample of La2CuO4.1 . 
The micrometre-scale inhomogeneity depends on the sample preparation history, 
which also controls the superconducting properties. In fact, the x–y position 
dependence of the Q2 superstructure intensity for two typical samples with Tc = 40 
K (Fig. 2a) and Tc = 16+32 K (Fig. 2b), respectively, is quite different. We quantify 
the difference by looking at the distribution of intensities as well as the distance-
dependent intensity correlations. The probability distribution (Fig. 2c) of XRD 
intensities shows a fat tail above the average Q2 intensity, <I>, extending to 
intensities 20 times larger than the average intensity. In this range, the data show a 
clear power-law distribution according to standard statistical physics criteria25. The 
difference between the probability distributions of the two sets of samples is also 
obvious from fitting the data using a power law )/exp()( 0xxxxP !"
!# . The outcome 
is that the power-law exponent, α, is always indistinguishable from 2.6 and that the 
cut-off, x0, is less than 10 for the Tc = 16+32 K materials and greater than 10 for the 
high-Tc (40 K) materials. 
 The spatial intensity correlation function, G(r) (Fig. 2d), where ji RRr
rr
!=  is the 
distance between x–y positions kR
r
 on the sample, as in Fig. 2a,b, does not exhibit 
exponential behaviour but follows a power law with a cut-off, as expected, near a 
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critical point: )/exp()( !" rrrG #$ # , with η = 0.3 ± 0.1 for all five samples. The 
correlation length,ξ, increases with increasing <I>, varying between 50 and 250 mm 
for the Tc = 16+32 K samples and taking the respective values 400 ± 30 µm and 
350 ± 30 µm for the two Tc = 40 K samples. The results for both the intensity 
distribution and the two-point correlation function show that the unexpected fractal 
nature, associated with the measured power laws, of i-O ordering is robust, 
approaching a pure scale-free distribution in the sample with higher critical 
temperature. A decade of work at the Elettra storage ring in Trieste shows that 
thermal treatments (Fig. 3) can control the i-O self-assembly and detailed 
superconducting properties while maintaining constant oxygen content. In particular, 
the probability of ordered i-O domains can be suppressed by annealing at 350–380 
K and enhanced by annealing at 200–300 K. After quenching the sample from 370 
K to 300 K and keeping the temperature constant at 300 K, the Q2 XRD signal, 
spatially averaged over the full sample surface, increases rapidly as a function of 
time in the first few days, after which it increases slowly over very much longer 
durations. The superconducting transitions of samples with different levels of 
average ordered Q2 volume have been established using contactless single-coil 
inductance. The data clearly demonstrate that the low-Tc (16 K) phase disappears 
with the fully disordered i-O produced after annealing above 370 K followed by rapid 
quenching. Modest annealing at 200–300 K induces weak Q2 XRD superstructure 
spots and an additional superconducting signature with Tc = 16 K. On further 
annealing, the average intensity of the Q2 superstructure rises and the Tc = 16 K 
superconducting phase gains prominence. After a very long annealing time, the 
integrated volume of the ordered i-O domains increases, the Tc = 16 K phase 
disappears and a single superconducting phase with Tc = 38–41 K finally dominates.  
Our work puts the copper oxides into the same category as other heterogeneous 
transition-metal oxides1,2 , where a key parameter is the misfit strain parameter of 
the superlattice21,22 , and better superconductivity is associated with critical 
percolation of oxygen order. Unexplained effects of disorder, photoexcitation, 
pressure11 and misfit strain in high-temperature superconductors (and also 
pnictides26 ) can now be explored as potentially being due to granular fractal 
microstructure. The data also raise the more intriguing question of whether the 
oxygen defects order on fractal networks because the electrons that form the 
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strange metal constitute a ‘fractal glue’, perhaps generated as a photographic-like 
image of the quantum critical charge fluctuations27 sampled during annealing (at 
temperatures well within the non-Fermi-liquid regime). Another possibility is that 
fractal defect structure promotes superconductivity, by means of either conventional 
percolation or the more unconventional mechanism of Feshbach-like shape 
resonances28 associated with anisotropic superconducting gaps in granular 
heterostructures29 . 
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Figure 1. Mixed real- and reciprocal-space images of dopant ordering. a, The X-ray micro-
diffraction apparatus is located at the European Synchrotron Radiation Facility (ESRF) and 
features an electron undulator providing 12–13-keV X-rays to crystal optics followed by a 
tapered glass capillary, which produces a 1 µm2 beam spot at the sample. A charge coupled 
area detector (CCD; right hand side) records the X-rays scattered by the sample. The 
intensity, I(Q2), of the superstructure satellites due to the Q2 ordering of oxygen interstitials 
in the La2CuO4.1 crystal is integrated over square subareas of the images recorded by the 
CCD detector in reciprocal-lattice units (r.l.u.) and then normalized to the intensity (I0 ) of 
the tail of the main crystalline reflections at each point (x, y) of the sample reached by the 
translator. b, Incommensurate order is highly inhomogeneous, even for an optimal (Tc = 40 
K) superconducting sample of La2CuO4.1 . The intensities of the superstructure satellites are 
presented on a logarithmic scale as a false-colour image. The scale bar corresponds to 100 
µm. The intense red–yellow peaks in the two-dimensional colour map represent locations in 
the sample with high strength of the three-dimensional i-O ordering, and dark blue indicates 
spots of disordered i-O domains. The scanning images show few regions with intense 
satellite µXRD reflections and many regions with weak satellite µXRD reflections. c, Real-
space view of the ordered domains that give rise to the Q2 superstructure imaged on the 
CCD detector. It highlights the i-O ions (blue dots) in the c–b plane of the Fmmm crystal 
structure of La2CuO4. The i-O located at the (1/4, 1/4, 1/4) site in the La2O2+y spacer layers 
pair to form linear stripes in the orthorhombic a direction with a period of nearly four lattice 
units along the b axis in the a–b plane. The stripes alternate in different layers with a c-axis 
periodicity of two lattice units. The red octahedra indicate the CuO6 octahedral coordination 
units in the CuO2 plane. 
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Figure 2. Scale-free fractal distribution and power-law statistical analysis of ordered i-O 
domains. a, b, The position dependence of the Q2 superstructure intensity I(Q2)/I0 for two 
typical samples obtained by following different annealing–quenching protocols, resulting in 
Tc = 40 K (a) and Tc 5 16+32 K (b) phases. Visual inspection of a and b shows that the 
spikes corresponding to ordered microdomains are more isolated for the more disordered 
sample with lower Tc than for the high-Tc sample, indicating that the nucleation and growth 
of Q2 regions proceeds to smaller length scales for shorter annealing times. c, The 
probability distribution, P(x), of the Q2 XRD intensity x = I(Q2)/I0 scales at sufficiently 
high intensity as a power-law distribution with exponential cut-off x0 . The data are fitted by 
the function described in the text. The fitted power-law exponent is given by α = 2.6 ± 0.2 
independently of the sample critical temperature, and the cut-off increases from 7 < x0 < 9 
for the T c = 16+32 K samples to 28 < x0 < 33 for the Tc = 40 K samples. In the plot, we 
show that the P(x) distributions, when properly rescaled, collapse on the same universal 
curve (solid line). d, Spatial correlation function, G(r), where ji RRr
rr
!= , calculated for the 
intensities at the spots kR
r
 mapped in a and b. The spatial correlation function does not have 
the standard exponential behaviour but instead obeys a power law, )/exp()( !" rrrG #$ # , 
with cut-off ξ, as expected, near a critical point (see text for details). The correlation length, 
ξ, increases with increasing <I>, and in the illustrated cases for Tc = 16+32 K and 40 K has 
respective values 180 ± 30 µm and 400 ± 30 µm. 
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Figure 3. Nucleation and growth of i-O superstructures. a, The integrated intensity, <I>, of 
the Q2 superstructure satellite reflections as a function of temperature measured using a 
large (200 µm diameter) beam at the Elettra storage ring. Starting from 300 K, we warmed 
the sample at a slow heating rate, 10 K h 21. The decreasing <I> becomes indistinguishable 
from zero at 350 K, indicating a continuous order-to-disorder phase transition in the 310–
350-K range. A rapid quench from the disordered phase to below 200 K produces a stable 
sample with randomly distributed i-O (dashed red arrow). Heating the sample very slowly 
induces a disorder-to-order transition in the 180–200-K range. Annealing the random i-O 
sample for a long time at constant temperature in the 200–300-K range (following the green 
vertical arrow) allows the i-O ordering to reach the maximum allowed intensity of the Q2 
superstructure (we used annealing process A to produce the sample image in Fig. 2a). Using 
annealing process B in the 200–300-K range followed by quenching process B produces 
samples with reduced i-O domain order (we used annealing process B for the sample in Fig. 
2b). b, Temperature-dependent complex conductivity of doped La2CuO4.1 superconducting 
crystals. We used a single-coil inductance method recording ( )20 )(/ T!! , where ω(T) is the 
resonance frequency of an LC circuit, L is the inductance of the submillimetre coil placed 
near the surface of the superconducting sample and ω0 is the reference resonance frequency 
for a non-superconducting sample. The lower part of the figure shows the derivatives of 
( )20 )(/ T!! . The yellow, orange and red curves are for the two T c = 16+32 K samples, 
where Tc1 = 16 K, 32 <Tc2 < 36 K and <I> = <I(Q2)/I0> is small (annealing process B), and 
the green curves are for the Tc = 40 K samples, where <I> = <I(Q2)/I0> is large 
(annealing process A).  
